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ABSTRACT: 
Various interference effects are known to exist in the process of high harmonic generation (HHG) both at 
the single atom and macroscopic levels1–3. In particular, the quantum path difference between the long and 
short trajectories of electron excursion causes the HHG yield to experience interference-based temporal 
and spectral modulations4,5. In solids, due to additional phenomena such as multi-band superposition6 and 
crystal symmetry dependency7,8, the HHG mechanism appears to be more complicated than in gaseous 
atoms in identifying accompanying interference phenomena. Here, we first report experimental data 
showing intensity-dependent spectral modulation and broadening of high harmonics observed from bulk 
sapphire. Then, by adopting theoretical simulation, the extraordinary observation is interpreted as a result 
of the quantum path interference between the long and short electron/hole trajectories. Specifically, the 
long trajectory undergoes an intensity-dependent redshift, which coherently combines with the short 
trajectory to exhibit spectral splitting in an anomalous way of inverse proportion to the driving laser 
intensity. This quantum interference may be extended to higher harmonics with increasing the laser 
intensity, underpinning the potential for precise control of the phase matching and modulation even in the 
extreme ultraviolet and soft X-ray regime. Further, this approach may act as a novel tool for probing 
arbitrary crystals so as to adjust the electron dynamics of higher harmonics for attosecond spectroscopy. 
KEYWORDS: nonlinear optics, quantum optics, ultrafast photonics, extreme-ultraviolet radiation, light-matter 
interaction 
High harmonic generation (HHG) has vigorously been investigated to produce coherent high energy photons in 
the extreme ultraviolet (EUV) and soft X-ray regime. With much work done on atomic HHG, attention is now 
being paid to condensed matter9,10 such as experimental observations of HHG on crystals11–15 and amorphous 
materials16 along with theoretical interpretations on the physical mechanism of solid state HHG6,17–19. Intriguing 
attempts are also being made on surface plasmon-enhanced HHG using nanostructures20,21 and metasurfaces22, 
quantum multi-band interference6, and symmetry control of harmonic generation7,8. 
The traditional description of HHG in gas phase adopts the semiclassical 3 step model which describes 
the three steps as ionization, acceleration and recombination23,24. Under the influence of a strong driving laser 
field, the Coulomb potential of the interacting gaseous atom or molecule is distorted to lower the potential barrier, 
allowing the electron in the ground state to ionize through tunnelling. The ionized electron can be approximated 
as a free electron, which is accelerated away from the parent ion by the local driving laser field gaining kinetic 
energy. Finally, the electron oscillates back towards its parent ion as the laser field is reverted, and recombined to 
emit a high harmonic photon. For each harmonic order below the cutoff, it is possible to determine two unique 
electron trajectories depending on ionization time, which are said to be long or short depending on their duration 
of propagation. A similar picture can be given in solid crystals as well, where an electron in a valence band is 
excited into a conduction band, accelerated within that band and recombined with its parent hole in the original 
valence band. Unlike in gas HHG, in solids, intraband oscillations during the acceleration step may also generate 
high harmonics due to the nonlinear gradient of the energy bands25,26. Intraband harmonics are known to be 
synchronized with the driving laser field, having many advantages of generating attosecond pulses from solids25. 
On the other hand, apart from the need for consideration of the band curvature and hole dynamics, the interband 
mechanism has a similar recollision-like picture as those in gaseous atoms or molecules, thus trajectory analysis 
can be conveniently applied to explain the resultant harmonic characteristics. Accordingly, in this investigation, 
we experimentally observe intensity-dependent spectral modulation and broadening of high harmonics and 
perform the aforementioned analysis to describe the phenomena as due to the quantum path interference of 
trajectories. 
Figure 1 schematically illustrates two trajectories during high harmonics generation eligible for not only 
gaseous atoms27 but also solid crystals28 in the interband picture. The two trajectories are distinguished – short (s) 
and long (l) - by the electron’s excursion time from birth (𝑡𝑡𝑏𝑏) till recombination (𝑡𝑡𝑟𝑟), which can be calculated 
using the saddle-point equations as described in Supporting Information. As depicted in the reciprocal k-space 
(Fig. 1b), electron-hole pairs are created through ionization in response to the input electric field, accelerated 
along the two different trajectories within a band structure, and finally recombined back in the valence band. Each 
trajectory offers its own distinct quantum path, so the accumulated phase (𝜙𝜙𝑞𝑞) of the q-th harmonic turns out larger 
for the long trajectory owing to its longer excursion time. This trajectory-dependent phase accumulation leads to 
different frequency chirps, resulting in a slight split in the total sum of the q-th harmonic energy (Fig. 1c). In 
consequence, one harmonic component from the short trajectory interferes with its counterpart from the long 
trajectory, causing spectral modulations in the resulting harmonic spectrum. An intuitive interpretation is obtained 
by expressing the accumulated phase 𝜙𝜙 and centre frequency Ω as the functions of the time-varying laser 
intensity as 𝜙𝜙𝑞𝑞(𝑡𝑡) = −𝛼𝛼𝑞𝑞𝐼𝐼(𝑡𝑡) and Ω𝑞𝑞(𝑡𝑡) = 𝑞𝑞𝜔𝜔0 + 𝛼𝛼𝑞𝑞 𝜕𝜕𝜕𝜕(𝑡𝑡)𝜕𝜕𝑡𝑡  in which 𝛼𝛼𝑞𝑞 is a constant coefficient depending on 
the harmonic order 𝑞𝑞 as well as the electron trajectory of short or long3. The equations imply that both the 
accumulated phase and the central frequency shift scale with the constant 𝛼𝛼𝑞𝑞 that is expected to be larger for the 
long trajectory exhibiting a longer excursion time of the electron-hole pair. In theory, the trajectories may become 
much more complicated when electrons and holes cross over the first Brillouin zone, inducing multiple channels 
for harmonic emissions.29 The driving laser field adopted in our experiment, however, is not strong enough to 
drive the electrons and holes over the boundaries of the Brillouin zone, thus harmonic emission would be 
dominated by the two long and short trajectories. In addition, note that although we have illustrated the trajectories 
to start from the Γ point, electrons may be excited from any point along the Brillouin zone and the resultant 
harmonics would be generated from a superposition of all possible trajectories. 
Figure 2 presents the harmonics spectra obtained from a bulk sapphire target by actual experiment 
combined with theoretical simulation with varying the input laser field strength. Details of experimental and 
simulation conditions are given in Methods and Supporting Information. The 2-D plots (Figs. 2a and 2b) show 
the optical spectra from the 7th (114 nm) to 11th (72.7 nm) harmonics observed for driving laser fields ranging 
from 0.175 V/Å to 0.226 V/Å. A spectral splitting is clearly seen in the 7th harmonic peak between a nominal peak 
at 114 nm and a redshifted peak at 118 nm. For relatively lower laser fields, the 7th harmonic exhibits a single 
peak with negligible splitting (Figs. 2c and 2d). With increasing the laser field, the harmonic peak undergoes 
spectral broadening with the gradual appearance of a secondary redshifted peak. The original peak shrinks as the 
secondary peak picks up, and the two peaks are completely reversed for higher laser fields (Figs. 2e and 2f). Based 
on a two-band model of a sapphire crystal, the computational results (Figs. 2b, 2d and 2f) reproduce the 
extraordinary growth of the secondary peak progressively until its overtake of the original peak as observed in the 
experiment. Only a slight discrepancy lies in predicting the relative harmonic yield, of which the cause is reckoned 
attributable to the imperfection arising in estimating the macroscopic phase matching conditions as well as the 
multiple bands contribution in the two-band model used in the computation. Propagation effects such as self-phase 
modulation may also influence the phase of the generated EUV radiation,30 which are assumed to be small in our 
experiments because the high-intensity interaction length with the medium is relatively short due to the tight 
focusing geometry used. 
 Figure 3 presents theoretical estimations made by numerically solving the semiconductor Bloch 
equations (SBE) with the application of the saddle point analysis following the computational procedure given in 
Supporting Information. Specifically, for the bulk sapphire crystal target used in our HHG experiments, a two-
band structure model was established using the density functional theory (DFT) with an underestimated band gap 
adjusted to 9.45 eV (Fig.3a). Other computation parameters were decided in accordance with actual experimental 
conditions. The harmonic yield (Fig.3b) was first calculated to disclose that the interband harmonics are about 1-
3 orders of magnitude higher than the intraband harmonics. This initial finding led us to consider only the 
interband harmonics in further simulation given hereafter. Then, using the saddle-point semiclassical equations of 
motion of the electron/hole pair, the harmonic photon energy was obtained as a function of ionization time and 
re-collision time (Fig. 3c). For a certain ionization time given within a driving laser’s optical cycle, there exists a 
corresponding recombination time at the same energy level as the harmonic photon energy of each trajectory. The 
electron excursion time for the cutoff harmonic trajectory was determined to be ~0.65 optical cycle (o.c.), which 
corresponds to 1.74 fs assuming that 1 o.c. equals 2.67 fs. Accordingly, in our computation, ionizations that occur 
earlier than the cutoff ionization time are treated to recombine later than the cutoff recombination time (long), 
while ionizations that occur later than the cutoff ionization time recombine earlier than the cutoff recombination 
time (short). Since the process from ionization to recombination happens within a single optical cycle, trajectories 
with propagation time less than 1.74 fs are taken as short while trajectories with propagation time between 1.74 
fs and 2.67 fs are taken as long. Note that the cutoff harmonic is positioned around the 6.5th harmonic when 
electrons are excited at the Γ point, and it becomes higher for electrons excited with different crystal momentum 
values, until the maximum band gap energy is reached. This cutoff energy is obtained from a classical prediction 
using the field-free band structure, which is expected to extend when accounting for quantum effects in laser-
dressed systems.31,32 Adopting the Floquet picture, the band structures are thought to oscillate in time and the 
recombination of electrons and holes may occur at extended band gaps relative to the Bloch band structures. On 
the other hand, due to the flat band structure, electrons excited from many different k points and not just near the 
Γ point may contribute to the generation of the 7th harmonic which is responsible for the serious modulation of 
the spectrum.  
By adjusting the integration time interval in computation, the long and short trajectory contributions of 
the 7th harmonic were separated. The results (Figs.3d and 3e) reveal redshifts and blueshifts of the long and short 
trajectory contributions respectively, for different driving laser intensities. As opposed to the slight blueshift 
occurring in the harmonics from the short trajectories, the long trajectory harmonics undergo significant amounts 
of redshift as expected. The directions of frequency shift are determined by the increasing and decreasing gradient 
of the leading and trailing edges of the driving laser pulse. In theory, the amount of frequency shift should increase 
with increasing intensity, however in our case the frequency shift remains more or less constant for varying 
intensities, as we assume an ideal Gaussian driving pulse in our simulations and the redshift due to the intensity 
gradient decrease in the trailing edge is compensated by the blueshift in the leading edge. Finally, when the two 
trajectories are coherently combined (Fig. 3f), the resulting spectra clearly show the spectral broadening, 
secondary peak growth, and peak reversal. This provides a solid evidence for the quantum path interference 
observed in our experiments. It is also worthwhile to note that the theoretical predictions described so far is not 
limited to a specific band structure or harmonic order, thereby being applicable to other materials and harmonic 
orders (See Supporting Information).  
Figure 4 provides additional simulation result on how the 7th harmonic experiences spectral splitting 
and frequency modulation by the quantum interference between the short and long trajectories. The real (Figs. 4a-
4c) and imaginary (Figs. 4d-4f) parts of the interband polarization calculated for the long, short and coherently 
added contributions are shown in the frequency domain together with corresponding harmonic spectra (Figs. 4g-
4h). The result signifies that even though the amount of redshift induced in either the short or long trajectory is 
not substantial, the combined harmonic splits into two peaks together with a significant spectral modulation. 
Figure 5 shows further analysis of the effect of the dephasing time on the quantum interference in terms of the 
harmonic spectrum and spectrogram. The results are first calculated for a dephasing time of 2.67 fs, corresponding 
to 1 o.c., in which the long dephasing time permits the coherence between the electron and hole to be maintained 
for both the short and long trajectories along with a high level of spectral splitting (Fig. 5a and 5b). When the 
dephasing time is reduced to 0.668 fs (0.25 o.c.), shorter than the excursion time of the cutoff trajectory of 1.74 
fs (0.65 o.c.), the long trajectory is suppressed due to the loss of coherence between the electron and hole, leaving 
only the short trajectory component (Figs. 5c and 5d). This result verifies the role of the long trajectory in the 
consequence of quantum interference. 
To conclude, the anomalous phenomenon of spectral modulation and broadening observed in our 
experiments of high harmonic generation from bulk sapphire has been clarified as a consequence of the quantum 
interference between the long and short trajectories. Specifically, the intensity-dependent phase delay induced in 
high harmonics causes frequency redshifting particularly in the long trajectory in line with the harmonic yield 
dominance along the trailing edge of the driving laser. The redshifted long trajectory coherently interferes with 
the short trajectory of less intensity-dependency, exhibiting extraordinary features such as the broadening and 
splitting of harmonic peaks followed by complete peak reversal. Our theoretical simulation based on a two-band 
solid model excellently reproduces all the experimentally observed features in evidence of the dominance of 
interband harmonics on the coherent superposition between the short and long trajectories. These findings lead to 
the possibility that the individual trajectory phases may be controlled to an optimal condition so as to achieve a 
designated spectrum with sufficient yield in solid harmonics. Further investigations will open the potential for 
direct modifications of the electron dynamics within the crystal band structure for the purpose of flexible 
selections of high harmonics with subsequent yield enhancement in the EUV and soft X-ray regime, offering new 
opportunities in advancing high harmonic spectroscopy.  
 
Methods 
Sapphire target for HHG experiment. The apparatus used to obtain the experimental results of Fig. 2 is given 
schematically in Supporting Information. The sapphire target was cut along the A-plane to a 430 μm thickness 
and then polished to a fine surface roughness of < 0.3 nm. The driving laser was aligned with its polarization 
direction fixed along the Γ-Α direction of the sapphire target. The band structure and transition dipoles of the 
sapphire target were estimated from the α-Al2O3 data given in the Vienna Ab initio Simulation Package (VASP). 
The dynamics of electron-hole pairs in the laser field was calculated by solving the semiconductor Bloch equation. 
The saddle-point equations were used to determine the ionization and recombination time of the long and short 
trajectories as described in Supporting Information.  
Laser illumination for HHG experiment. The driving laser was produced from a Ti:Sapphire oscillator emitting 
short pulses of 12 fs duration at a 75 MHz repetition rate with a 375 THz centre frequency. The incident laser was 
focused using an achromatic lens onto the rear surface of the sapphire target with a spot diameter of 5 µm. 
Assuming a Gaussian pulse, the peak intensity in vacuum is calculated as 𝐼𝐼 = 1.88 × 𝑃𝑃𝑎𝑎/𝑓𝑓𝑟𝑟𝜏𝜏𝜏𝜏 with 𝑃𝑃𝑎𝑎 being 
the average power, 𝑓𝑓𝑟𝑟 the repetition rate, 𝜏𝜏 the pulse duration, and 𝜏𝜏 the focal area. Then, in consideration of 
the reflection loss from the boundary between the sapphire target and vacuum, the actual peak intensity was 
estimated as 𝐼𝐼𝑠𝑠𝑎𝑎𝑠𝑠ℎ = 𝐼𝐼 ⋅ 4𝑛𝑛/(𝑛𝑛 + 1)2 with the refractive index 𝑛𝑛 being set at 1.76 for sapphire (α-Al2O3)33. 
During the experiment, the average power was adjusted from 210 to 350 mW in 10 mW steps using a pair of half 
and quarter waveplates, varying the actual peak intensity from 0.72 to 1.2 TW/cm2. 
Spectrum Measurement. The spectrometer used in the experiment of Fig. 2 was a Rowland-circle grazing 
incidence type (McPherson 248/301), capable of detecting photons of wavelengths shorter than 310 nm with a 
spectral resolution of 0.16 nm. Using a toroidal mirror accepting light within a 5° horizontal angle and 8° 
vertical angle, generated harmonics were refocused through a rectangular slit on a reflection type curved grating 
of a 998 mm radius of curvature to produce a linear spectrum. For quantitative spectral analysis, a detector unit 
composed of a microchannel plate (XUV-2040, Brightview Inc.) and a charge coupled device camera (DH420A-
FO-195, Andor) was used. The whole spectrometer system was kept under a vacuum condition of 10−6 Torr. 
 
Supporting Information 
The Supporting Information is available free of charge available free of charge on the ACS Publications website 
at DOI: 
(1) Illustration of the experimental setup in Figure S1; (2) Theoretical details on the semiconductor Bloch 
equations and first principle calculations; (3) Numerical calculations showing spectral interference in the 
9th harmonic spectra 
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Figure 1. Long and short trajectories in solids. (a) Long (𝒍𝒍) and short (𝒔𝒔) trajectories depicted relative to the 
driving laser field in the temporal domain. 𝒕𝒕𝒃𝒃 (𝒕𝒕𝒓𝒓) denotes the time of birth (recombination) of the electron-hole 
pair. 𝝓𝝓𝒒𝒒,𝝀𝝀 is the accumulated phase of the q-th harmonic with 𝝀𝝀 being either 𝒍𝒍 or 𝒔𝒔 trajectory. (b) Long and 
short trajectories traced within a crystal band structure. (c) Enlarged view of the recombination process followed 
by interference between the long and short trajectories. 𝛀𝛀𝒒𝒒,𝝀𝝀 is the chirped center frequency of the q-th harmonic. 
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Figure 2. Harmonic spectrum vs. field strength. (a) (Experiment) harmonic spectra with varying field strength. 
(b) (Simulation) calculated spectra with varying field strength. (c) (Experiment) spectral variation of the 7-th 
harmonic for relatively low field strengths. (d) (Simulation) calculated spectral variation of the 7-th harmonic for 
low field strengths. (e) (Experiment) peak reversal of the 7-th harmonic for high field strengths. (f) (Simulation) 
peak reversal of the 7-th harmonic for high field strengths.  
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 Figure 3. Long and short trajectory contributions. (a) Band structure of sapphire along the Γ-A direction. VBM 
and CBM are the valence and conduction band models finally selected for simulation. (b) Expected interband and 
intraband contributions (E0=0.139 V/Å). (c) Harmonic photon energy as a function of ionization (blue line) and 
recombination (red line) times. Shown at top is the driving laser oscillation cycle (o.c.). The excursion time of the 
long trajectory is given as 0.65 o.c. between the birth time (tb) and recombination time (tr). (d-f) Calculated 
harmonic spectra with varying laser intensity for long, short and coherently combined trajectories. The dephasing 
time is given as T2=2.67 fs (1.0 o.c.). 
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Figure 5. Dephasing time effect on harmonic spectral modulation. (a),(b) High harmonic spectrum and 
spectrograph calculated for a dephasing time of T2=2.67 fs (1.0 o.c.). (c),(d) High harmonic spectrum and 
spectrograph calculated for a dephasing time of T2=0.668 fs (0.25 o.c.). The field strength is set at E0=0.149 V/Å 
for all plots. 
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Experimental setup of high harmonic generation from sapphire. 
Figure S1 shown below illustrates the schematic of the apparatus used to obtain the experimental data given in 
Fig. 2 of the main text. 
 
 
Figure S1. Experimental setup. The driving NIR pulses produced from a Ti:sapphire oscillator is focused on the 
sapphire sample. The high harmonics spectrum is detected through a diffraction grating using a micro-channel 
plate (MCP). 
Theoretical model using semiconductor Bloch equations 
The electron and hole dynamics within a solid crystal is governed by the semiconductor Bloch equations (SBEs) 
in the reciprocal momentum space, which is written in a two-band model as [1, 2], 
?̇?𝜋(𝐾𝐾, 𝑡𝑡) = −𝜋𝜋(𝐾𝐾, 𝑡𝑡)
𝑇𝑇𝑑𝑑
− 𝑖𝑖Ω(𝐾𝐾, 𝑡𝑡)𝑤𝑤(𝐾𝐾, 𝑡𝑡)e−𝑖𝑖𝑖𝑖(𝐾𝐾,𝑡𝑡) (1.1) 
?̇?𝑛𝑏𝑏(𝐾𝐾, 𝑡𝑡) = 𝑖𝑖𝑠𝑠𝑏𝑏Ω∗(𝐾𝐾, 𝑡𝑡)𝜋𝜋(𝐾𝐾, 𝑡𝑡)e𝑖𝑖𝑖𝑖(𝐾𝐾,𝑡𝑡) + 𝑐𝑐. 𝑐𝑐. (1.2) 
In the above equations, 𝜋𝜋(𝐾𝐾, 𝑡𝑡) denotes the polarization strength between the conduction (C) band and the 
valence (V) band, and 𝑛𝑛𝑏𝑏(𝐾𝐾, 𝑡𝑡) represents the charge carrier population within the conduction (𝑏𝑏 → 𝐶𝐶) and 
valence (𝑏𝑏 → 𝑉𝑉) bands. Besides, the Rabi frequency is given as Ω(𝐾𝐾, 𝑡𝑡) = 𝑑𝑑(𝐾𝐾 + 𝐴𝐴(𝑡𝑡))𝐸𝐸(𝑡𝑡), the population 
inversion as 𝑤𝑤(𝐾𝐾, 𝑡𝑡) = 𝑛𝑛𝐶𝐶(𝐾𝐾, 𝑡𝑡) − 𝑛𝑛𝑉𝑉(𝐾𝐾, 𝑡𝑡), and the distinguishing factor as 𝑠𝑠𝑏𝑏 = 1 for C band and -1 for V 
band. Furthermore, 𝑆𝑆(𝐾𝐾, 𝑡𝑡) = ∫ 𝜀𝜀𝑔𝑔(𝐾𝐾 + 𝐴𝐴(𝑡𝑡′))𝑑𝑑𝑡𝑡′𝑡𝑡−∞   is the classical action term with 𝜀𝜀𝑔𝑔 being the band gap 
energy, and 𝑇𝑇𝑑𝑑 is the dephasing time related to the coherence between the electron-hole pair in the C and V bands.  
The SBEs can be solved to obtain the intraband current (jra) and interband current (jer) as 
𝑗𝑗𝑟𝑟𝑟𝑟(𝑡𝑡) = � � 𝑣𝑣𝑏𝑏[𝐾𝐾 + 𝐴𝐴(𝑡𝑡)]𝑛𝑛𝑏𝑏(𝐾𝐾, 𝑡𝑡)𝑑𝑑3𝐾𝐾
𝐵𝐵𝐵𝐵����𝑏𝑏=𝑐𝑐,𝑣𝑣 (2.1) 
𝑗𝑗𝑒𝑒𝑟𝑟(𝑡𝑡) = 𝑑𝑑𝑑𝑑𝑡𝑡 � 𝑝𝑝(𝐾𝐾, 𝑡𝑡)𝑑𝑑3𝐾𝐾𝐵𝐵𝐵𝐵���� (2.2) 
where 𝑣𝑣𝑏𝑏[𝐾𝐾 + 𝐴𝐴(𝑡𝑡)]  denotes the group velocity and 𝑝𝑝(𝐾𝐾, 𝑡𝑡) = 𝑑𝑑�𝐾𝐾 + 𝐴𝐴(𝑡𝑡)�𝜋𝜋(𝐾𝐾, 𝑡𝑡)e𝑖𝑖𝑖𝑖(𝐾𝐾,𝑡𝑡) + 𝑐𝑐. 𝑐𝑐.  is the 
interband polarization. The two current quantities are strongly dependent on the curvature of the band structure as 
well as the transition dipoles. Note that the above integrations are carried over the whole Brillouin zone (𝐵𝐵𝐵𝐵), 
being restricted to the one-dimensional path along the driving laser polarization in our calculation. The interband 
and intraband contributions to harmonics can be separated individually from the Fourier transform (FT) of 𝑗𝑗𝑒𝑒𝑟𝑟(𝑡𝑡) 
and 𝑗𝑗𝑟𝑟𝑟𝑟(𝑡𝑡)  as |𝐹𝐹𝑇𝑇{𝑗𝑗𝑒𝑒𝑟𝑟(𝑡𝑡)}|2  and |𝐹𝐹𝑇𝑇{𝑗𝑗𝑟𝑟𝑟𝑟(𝑡𝑡)}|2 . The combined contribution of 𝑗𝑗𝑡𝑡𝑡𝑡𝑡𝑡(𝑡𝑡) = 𝑗𝑗𝑒𝑒𝑟𝑟(𝑡𝑡) + 𝑗𝑗𝑟𝑟𝑟𝑟(𝑡𝑡)  is 
obtained by |FT{𝑗𝑗𝑡𝑡𝑡𝑡𝑡𝑡(𝑡𝑡)}|2. 
 
Saddle-point analysis for semiclassical trajectory tracing 
By using the Keldysh approximation, 𝑤𝑤(𝐾𝐾, 𝑡𝑡) ≈ 1, the interband current can be written as [2],  
𝑗𝑗𝑒𝑒𝑟𝑟(𝑡𝑡) = 𝑑𝑑𝑑𝑑𝑡𝑡 � 𝑑𝑑3𝐾𝐾𝑑𝑑(𝐾𝐾) �� 𝑑𝑑𝑡𝑡′𝑡𝑡−∞ 𝐸𝐸(𝑡𝑡′)𝑑𝑑∗�𝐾𝐾 + 𝐴𝐴(𝑡𝑡′)�𝑒𝑒−𝑖𝑖𝑖𝑖�𝐾𝐾,𝑡𝑡′,𝑡𝑡�−𝑡𝑡−𝑡𝑡′𝑇𝑇𝑑𝑑 + 𝑐𝑐. 𝑐𝑐. �𝐵𝐵𝐵𝐵 (3.1) 
Note that the above approximation is appropriate, considering the ionization rate in solids is known to be usually 
less than a few percent. Then in the frequency domain, the harmonics generated from the interband current can be 
written as,  
𝑗𝑗𝑒𝑒𝑟𝑟(𝜔𝜔) = 𝜔𝜔� 𝑑𝑑3𝐾𝐾𝑑𝑑(𝐾𝐾)� 𝑑𝑑𝑡𝑡∞
−∞
𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡 �� 𝑑𝑑𝑡𝑡′
𝑡𝑡
−∞
𝐸𝐸(𝑡𝑡′)𝑑𝑑∗�𝐾𝐾 + 𝐴𝐴(𝑡𝑡′)�𝑒𝑒−𝑖𝑖𝑖𝑖�𝐾𝐾,𝑡𝑡′,𝑡𝑡�−𝑡𝑡−𝑡𝑡′𝑇𝑇𝑑𝑑 + 𝑐𝑐. 𝑐𝑐. �
𝐵𝐵𝐵𝐵
(3.2) 
  
in which the phase is expressed as,  
𝑖𝑖𝑖𝑖 = −𝑖𝑖𝑆𝑆(𝐾𝐾, 𝑡𝑡, 𝑡𝑡′) − 𝑖𝑖𝜔𝜔𝑡𝑡 − 𝑡𝑡 − 𝑡𝑡′
𝑇𝑇𝑑𝑑
(4) 
Using the saddle-point method[2], the results are given as  
∇𝑘𝑘𝑖𝑖 = � Δ𝑣𝑣𝑡𝑡
𝑡𝑡′
�𝐾𝐾 + 𝐴𝐴(𝑡𝑡′′)�𝑑𝑑𝑡𝑡′′ = 0 (5.1) 
𝑑𝑑𝑖𝑖
𝑑𝑑𝑡𝑡′
= 𝜀𝜀𝑔𝑔[𝐾𝐾 + 𝐴𝐴(𝑡𝑡′)] − 𝑖𝑖𝑇𝑇𝑑𝑑 = 0 (5.2) 
𝑑𝑑𝑖𝑖
𝑑𝑑𝑡𝑡
= 𝜀𝜀𝑔𝑔[𝐾𝐾 + 𝐴𝐴(𝑡𝑡)] − 𝜔𝜔 + 𝑖𝑖𝑇𝑇𝑑𝑑 = 0 (5.3) 
where Δ𝑣𝑣(𝐾𝐾) = 𝑣𝑣𝑐𝑐(𝐾𝐾) − 𝑣𝑣𝑣𝑣(𝐾𝐾)  means the difference between the band velocities in C and V bands. The 
classical trajectories of the interband transition can be traced by solving Eq. (5.1) to Eq. (5.3) for 𝑇𝑇𝑑𝑑 = ∞ so as 
to obtain the ionization time ti, recombination time tr and emitted photon energy 𝜔𝜔. 
 
First principle calculation 
The α-Al2O3 hexagonal conventional cell has 30 atoms and belongs to the space group 𝑅𝑅3�𝐶𝐶. The exchange-
correlation functional is obtained using the local density approximation (LDA). The projector augmented wave 
(PAW) method is used to describe the ion-electron interactions with a plane-wave cutoff of 600 eV. The Brillouin 
zone of the unit cell is sampled by a 6×6×2 k-point mesh in our self-consistent converged calculation. The 
optimized lattice parameters for α-Al2O3 (a=4.697 Å, c=12.793 Å)  are in good agreement with reported 
experimental data (trigonal structure: a=4.76Å, c=12.99 Å) [3]. A bandgap value of 9.45 eV is used here, which 
is adopted from experimental measurements [4, 5]. 
 
Extension of the spectral modulation phenomena to higher harmonics 
Figure S2 shows an extra simulation result made on the 9th harmonic with increasing the driving laser field strength. 
For relatively lower laser fields, as in the 7th harmonic discussed in the main text, the intensity-dependent 
phenomenon of spectral splitting and broadening is not significant, but it gradually develops through a complete 
peak reversal as the laser field increases. This simulation result justifies the possibility of extending the quantum 
path interference in harmonics generation to shorter wavelengths, suggesting that at extreme intensities, spectral 
modulation and control can be made for arbitrary harmonics, even in the far EUV and X-ray regime.  
 
Figure S2. Theoretical prediction for splitting of the 9th order harmonic under high driving laser field 
strength. (a) Calculated 9th harmonic spectra for high laser fields between E0=0.015 a.u. and E0=0.019 a.u.; (b) 
Zoomed plot exhibiting a peak reversal for field strength between E0=0.0180 a.u. and E0=0.0186 a.u.; (c) 
Calculated 9th harmonic spectra for lower laser fields between E0=0.010 a.u. and E0=0.015 a.u. All data are 
obtained by solving the SBEs with a dephasing time of T2=2.67 fs (1.0 o.c.). 
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